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Abstract 

We consider the inverse prolem of the recovery of a gauge field in 
R 2 modulo gauge transformations from the non-abelian Radon trans- 
form. A global uniqueness theorem is proven for the case when the 
gauge field has a compact support. Extensions to the attenuated non- 
abelian Radon transform in R 2 and applications to the inverse scat- 
tering problem for the Schrddinger equation in R 2 with non-compact 
Yang-Mills potentials are studied. 



1 Introduction. 

Let Aj(x), < j < 2, be C°° m x m matrice in R 2 with compact support: 
supp Aj(x) C B R = {x : |x| < R}, 0<j< 2. Denote 9 = (6 1 ,6 2 ) G S 1 . Let 
Co(x, 6) be the matrix solution of the differential equation 

(1.1) 9 ■ dCo< ^ e) = (A 1 (x)6 l + A 2 (x)6 2 + Ao(x)) c (x, 9), 

such that 

cq{x + s9, 9) — > I m when s — > — oo. 

Denote by S(A) the limit of c(x + s9, 9) when s — > oo. Note that S(A) 
depends on (x -1 ,^), where x L = x — (x ■ 9)9. Matrix S(A) is called the 
non-abelian Radon transform of A(x, 9) = Ai(x)9i + A 2 (x)92 + A (x). 

*This work was done when the author was participating in the Inverse Problems pro- 
gram at IPAM, UCLA, Fall 2003. 
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In the abelian case m = 1, i.e. when cq(x,9) and Aj(x), < j < 2, are 
scalar functions we have an explicit solution of (jl.lj) : 



;i.2) co(x,9)=exp[ A(x ± + s9,9)ds 



Therefore S(A)(x ± ,6) = expR(A), where R(A)(x ± ,6) = f™ oo A(x ± + s9,9)dt 
is the ordinary Radon transform of A(x, 9) (see [Na]) □ 
We shall call matrices 9) and A^(x, 9), A®(x, 9) = E 2 j=1 Af(x, 9)9 y 

Aq\x), i = l,2 gauge equivalent if there exists a nonsingular C°° matrix g(x) 
such that g(x) — I m for \x\ > R and 

(!-3) Af=gAfg-i + %Lg-\ j = l,2, 

k ] = g^g- 1 - 

If c { q\x, 9) satisfies flUD with A(x, 0) replaced by A^\x, 9), then cf\x, 0) = 
g(x)c^\x,9) satisfies 

Since g(x) = / for |x| > R we have that lirn s _ > _ 0O Cg (x + s#,#) = 7 TO and 
lim^ +00 c[, 2) (£ + sM) = S(A^)(x ± ,9). Therefore A^(x,9) and A( 2 )(x,0) 
have the same non-abelian Radon transform. We shall prove an inverse 
statement: 

Theorem 1.1. Suppose A^\x) and Af\x), 1 < j < 2, are C°° com- 
pactly supported matrices with the same non-abelian Radon transform. Then 
Af\x), 0<j<2and Af\x), < j < 2, are gauge equivalent. 

In the case A^ = A^ = this result is contained in [El] but it was not 
explicitely stated there. In this paper we shall prove Theorem II .11 in the case 
Aq\x) ytz 0, j = 1,2, and consider some extensions and applications. 

The first works on the non-abelian Radon transform were done by Wert- 
geim [We] and Sharifutdinov [Sh] . They proved the uniqueness of the inverse 
problem modulo gauge transformations assuming that A^ and A^ are small. 
A major work on this subject belongs to R.Novikov [Nl]. He proved the 
global uniqueness modulo gauge transformations in R n , n > 3. In the case 
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n = 2 he also assumed that A(x, 6) is small but he gave the reconstruction 
procedure using the Riemann-Hilbert problem. Finch and Uhlmann [FU] 
proved the uniqueness assuming that Aq(x) = 0, Aj(x), 1 < j < 2, have 
compact supports and the curvature f2i 2 = — §^ + L4i,A 2 ] is small. 
R.Novikov [Nl] discovered examples of the non-uniqueness in the non-abelian 
Radon transform : there are Ai(x), A 2 (x) with noncompact supports that are 
not gauge equivalent to the zero matrices and such that the corresponding 
non-abelian Radon transform is I m . These examples appeared in the works 
of physicists [Wr], [V] on the theory of solutions. The non-uniqueness ex- 
amples show that the global uniqueness result given by Theorem 11.11 is not 
trivial. 

Theorem 1 1.1 1 will be proved in §2. The crucial part of the proof is Lemma 
12. II proven in [ER3]. This lemma allows also to extend to the non-abelian case 
the Novikov's formula for the inversion of the attenuated Radon transform 
[N]. This will be done in §3. In §4 we apply the non-abelian Radon transform 
to the inverse scattering problem for the Schrodinger equation with Yang- 
Mills potentials in two dimension. 



2 The proof of Theorem II. 1L 

Consider the equation: 

(2.1) G + C 2 ^ = (A(x)Ci + A 2 (x)( 2 + A (x))c(x, t), 

where Aj(x), < j < 2, are the same as in ( p G C, p = 1, 2, Ci + Cl = 

1. Define 

d(t) = l(t + - t ), Ut)= l -(t-\), 

where t G C \ {0}. Denote D + = {t : \t\ > 1}, D~ = {t : \t\ < 1}. The 
following lemma proven in [ER3] is the main part of the proof of Theorem 

o 

Lemma 2.1. There exist solutions c±(x, t) of \2. 1)) with ( p = C P (t), p = 1,2, 
having the following properties: 

a) c + (x,t) and c-(x,t) are solutions of \2. 1)) for (x,t) G B 2 r x D + and 
(x, t) G B 2R x D~ respectively. 

b) c+(x,t) (c_(x,t)) is smooth when (x,t) G B 2 r x D + (B 2 r x D~) and 
det c + (x, t)^0 (det c_(x, t) ^ 0) for all (x, t) G B^i x TJ+ (B^ x IF). 
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c) c + (x,t)(c-(x,t)) is analytic in t when (x,t) G B 2R x D + (B 2R x D~). 
Moreover c + (x, t) is analytic at t = oo with det c + (x, oo) 7^ and c_(x, t) is 
analytic at t = ratt det c_(a;, 0) 7^ 0. 

Note that 

», ■> d >/n<9 t / x d d , 9 

where — = i f 4- i— I — = i ( i— ^ 

The operator ((t) ■ is elliptic operator when \t\ 7^ 1 and ((t) ■ 
degenerates to • ^ when |i| = 1, t = e i</3 , 6*(<^) = (cosy?, —simp). This 
makes the proof of Lemma 12. II quite complicate (see [ER3]) □ 

Suppose A^\x, 8) and A@\x, 9) are such that the non-abelian transforms 
S(A^) and S(A 92 ^) are equal. Let c±(x,t) be the solutions of the equations 

(2.3) C(t) ■ ^c { l\x,t) = A®(x,0))<g(x,t), i = 1,2, 

obtaines by the Lemma f2. II 
Denote 

y x = x ■ 6(ip), y 2 = x-v((p), 

where v = (simp, cosy?), and denote by c±(yi, y 2 , <p) the matrix c±(x, e %v ) in 
(2/1 > ^-coordinates. Since ()2.3|) has the form 

(2-4) -£-<g(Vi,V2, <p) = A®{x{ y , V), ?/2, <p) 

in new coordinates when t = e %ip and since c±(yi,y 2 , ¥>)(c± (— 00, ?/ 2 , y)) _1 is 
the solution of ()2.4j) equal to J m when s — ► 00 we get that 

(2.5) S(A^) = c«(+oo, y 2 , p)(c£>(-oo, j, 2 , y.))" 1 , i = 1, 2. 

Therefore S(A«) = S(A^) implies that 
(2.6) 

4 1} (+oo, yz, <p)(c^ (-00, y 2 , V 2 ))" 1 = 4 2) (+oo, t/ 2 , ^)(4 2) (-oo, y 2 , (p))' 1 . 

It follows from (J2.6)) that 
(2-7) 

(c™ (+00, jftj, V5))~ 1 cJ ) (+00, y 2 , V) = (c+ 2) (-oo, y 2 , </?)) ^(-oo, J/2, V 3 ), 
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(2-8) 

(c (2) (+oo,2/2,^)) 1 c ( L ) (-oo,y 2 , (p) = {cl 2) (-00, y 2 ,ip)) 1 c W (-oo,y 2 ,<p). 



Denote Q + (x,t) = (c+\x, ty^dpfat) when \x\ > R, \t\ > 1. Since 

dx ' 



A®(x,C(t)) = for \x\ > R, j = 1,2, we have that ((t) ■ £:C%\x,t) = for 



\x\ > R, \t\ > 1, j — 1.2, and therefore 

(2.9) C(l) . = 

ox 

for \x\ > R, \t\ > 1. We shall prove the following lemma: 

Lemma 2.2. Assume that \2. 7| ) holds. Then there exists a matrix Q + (x,t), 
defined on B 2R x D+ ; swcn i/iai = (c+^(x, i)) -1 c^(:c, t) for \x\ > 

R, \t\ > 1 and aas iae following properties: 
a x ) Q + (x, t) G C°° for x G 3^, t G IF, 
&i) Q + (x,t) is analytic in t for t G D + including t = oo, 
Ci) det Q+(x, t) 7^ /or x G £?2.r, t G D + , including t = oo, 
di) Equation \2.9jl holds for all x G 5 2 jj, |t| > 1. 

Denote 
(2.10) 

f(0e Ix <d^ 2 1 y f{x' 11 x' 2 )dx' 1 dx' 2 



(2vr) 2 7 R2 z(Ci(t)6 + C 2 (*)6) 7T 7 R2 *(* - z') + t-\z - z> 



a 



where z = x\ + ZX2, z' = x[ + ix 2 . Note that H(t) is the inverse of ((t) d , 
i.e. C(*) • £n(t)f = f, V/ G C °°(R 2 ). Denote 

(2.11) 4'W) =4 1) (x,t) -n^foC^MW), 

where (x,i) G I^r x IF for Pj 1} and G I^r x IF for P W (x,t). 

Applying C(t) ■ £ to dnU) we get 

C(t)~P£\x,t) = t j = l,2, 

where (x, t) G 5^ x IF for Pj 1} and (z, t) G 5^ x IF for P W . 

It was proven in [ER3](see the Remark in [ER3] ) that p£\x, t) = g^iC 1 - 
x,t) where (^{t) = (—( 2 (t),(i{t)), 9+ (z,t) is analytic in z, z G B 2 r for 
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1 < t < 2 and g_ (z, t) is analytic in 2, z G B 2 r, \ < \t\ < 1. Note that 
C^e 1 ^) ■ x = v ■ x = y 2 . Therefore P±\x, e ltp ) = P±\y 2 ,(p) is analytic in 
V2 G C for |y 2 | < 2i2. 
Denote 

n+(e^) = lim n(re^), n_(e^) = lim n(re^). 

r^l+O r— *1— 

Here r — > 1 — means r — > 1 and r<l, r— >l + means that r — > 1, r > 1. 
It is easy to show (see, for example, [ER1], formula (4.11) ) that 

/yi roc 
(U + f)dy[ - / (U-f)dy[, 
•00 J y\ 

/yi poo 
(U~f)dy[ - / (U + f)dy[, 
-OO •/ W1 



where 



,± t _Ti f°° f(yi,y' 2 )dy' 2 



2nJ- oo y2-v'2Ti0 ° 



Passing in (|2.11jl to the limit when r — > 1 + we get for j = 1: 

(2.14) P£\y 2 ,v) = c i l\y 1 ,y 2 ,e i n -n±(<*)An(x(y,<p),0(<p))<g\ 
Taking the limits when y x — > ±00 and using ()2.12j) . ()2.13|) we get 

/OO 
(JT t (A^c ( ±)dy f 1 , 
■00 

/OO 
(^(AWcW)^. 
-00 

Note that (c± (ic, £)) _1 satisfies the equation 
Denote 

pf = (c¥)r l + Tl(t)(c¥)- 1 A (2) (xX(t)). 

Note that • J^Pj 2 } = for |x| < 2P, feF and IF, respectively. Since 
(c± (x, t)) _1 has the same analytic properties as c±(%, t) the Remark in [ER3] 
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applies to P±\x, t). In particular we have that P_£ (x, e %tf ) = P±\y 2 ,<p) is 
analytic for y 2 G C when \y 2 \ < 2P. 

Taking the limits when yi — > ±00 we get 

/oo 
-00 

/oo 
-00 

Substituting (ETToT) and (07T?^ into JZ2|) we get 
(2.17) 

/'OO /*oo 

(pf^)- / n + (ci 2) )- 1 A( 2 )^)(p«( 2/2 ^)+ / (n+AWc^)^) 



—00 —00 

/OO /'OO 
00 j —00 

Since II + / is analytic in y 2 for Qy 2 < and IT - / is analytic in y 2 for 
Qy 2 > we have that the left hand side of (j2.17|) is analytic in y 2 for Qy 2 < 
and \y 2 \ < 2R and the right hand side of (j2.17|) is analytic in y 2 for Qy 2 > 
and j y 2 | < 2P. Denote 

(2.18) Q+(y 2 ,Lp) = (c^\-oo,y 2 ,(p))~ 1 c± ) (-00, y 2 ,(p) 

= (c^(+oo,y 2 , (p))~ 1 c^(+oo, y 2 , tp). 

Then Q + (y 2 ,(p) is analytic in y 2 in the disk \y 2 \ < 2R. In particular, 
Q+(x, e w ) is real analytic in (x\, x 2 ) for x\ + x 2 < 4R 2 since y 2 = x ■ v. 
Define 

1 /" Q+(x,t')tdt' 



(2.19) Q + (x,t) = ±:J 



Then (5+(x,t) is analytic in t for |t| > 1, |x| < 2P, Q(x,t) is real analytic 
in x for |x| < 2P, \t\ > 1. Denote by Q + (x,e llp ) the limit of Q + (x,t) when 
r ->• 1 + 0, where t = re iLf> . We shall show that Q+(x, e itp ) = Q+(x, e itp ). 

When \x\ > R Q+(x,t) = (cf\x, t)) -1 ^^, t) is analytic for |t| > 1 
including t = 00 and smooth for \t\ > 1. Therefore 



Q+(x,t) 



Q + (x,t')tdt' 
2m Ju, l=1 t'(t-t') 



by the Cauchy formula. Therefore 

Q+(x, e iLp ) = Q+(x, e itp )foi \x\ > R. 

Since Q+(x, e llp ) and Q+(x, e llp ) are real analytic in x for \x\ < 2R we get that 
Q + (x, e llp ) = Q + (x,e lip ) for all \x\ < 2R. Therefore Q + (x,t) is tha analytic 
continuation of Q+(x, e t(fi ) in t from \t\ = 1 to D + . We shall write from now 
on Q(x,t) instead of Q + (x,t). 

We already proved that Q + (x,t) satisfies conditions a\) and 61). Since 
Q + (x,t) is real analytic in x for \x\ < 2R and Q+(x, t) = (c+\x, t))~ l c^c^,\x, t) 
satisfies (pHJj) for \x\ > R, \t\ > 1 we get that (}2~!?j) is satisfied for all \x\ > 2R. 
It remains to prove that det Q + (x,t) 7^ for \x\ < 2R, \t\ > 1. Since 
Q + (x, e llp ) = Q + (y 2 ,(p) is independent of y\ we have det Q + (y 2 , tp) 7^ by 
taking \y-^\ > R. When \t\ > 1 denote S(t) = {z : z = x ■ C (t), \x\ < 2R}. 
Since f)2.9j) holds Q + (x,t) = h{x ■ C" L (t),i), where h(z,t) is analytic in z for 
z G S(t). We have 

Q + (x 1 t) = (c^\x,t))- 1 c^\x,t) 

for z G dS(t). Since det , t) 7^ for \x\ < 2R, j = 1, 2, we have that the 
increment of the argument of det h(z, t) on dS(t) is zero. Therefore det h(z, t) 
has no zero for z G S(t), \t\ > 1, i.e. Ci) holds. □ 
Denote 

(2.20) c ( +\x,t) = c { +\x,t)Q + (x,t). 

Then c+ (x, t) satisfies ()2.3|) for j = 2 and has the same properties as c + (x, t). 
It follows from (|2~27H) and (|2~T5J) that 

(2.21) cf (±00, ?/ 2 , = C ^(±oo, y 2 , <p). 

Analogously we can construct a matrix Q-(x, t) that extends (c_ (x, £))'-~ 1 c_ (x, t) 
from |x| > R, \t\ < 1 to (x,t) G £? 2j r x -D~ and satisfies ai), f>i), ci), di) for 
£ G i?2i?, t G -D - . In particular, 
(2.22) 

Q-(y2,f) = {c ( L ) {-oo,y2,<p))~ 1 c ( L ) {-oc,y 2 ,<p) = {c { ^ (+oc,y 2 , p))' 1 ^ {+oc,y 2 , 
Replace c_ (x,t) by 

(2.23) c m (x,t) = c m Q4x,t). 
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Then c_(x,t) satisfies (|2.3|) for j = 2, x G £?2ii; t <E D and has the same 
properties as c£ 2) (x,t). It follows from (l2~2~2l . flESfl that 

(2.24) cL 3) (±oo, y 2 , = c W (±oo, y 2 , p). 
Denote 

^i(x) = c$\x,oo), flf 3 (a?) = cj^x, oo). 

We have det g x {x) ^ 0, det g 3 (x) ^ 0. Since Q+(x,t) = (c^\x, t))^ 1 ^ (x, t) 
for \x\ > R, \t\ > 1 we have 

(2.25) c { +\x,t) = c { l\x,t) 
for all \t\ > 1, |x| > i2. In particular, 

(2.26) ^i(x) = g 3 (x) for |x| > i?. 
Replace c+, c_ by 

(2.27) c«(x,t) = (/r 1 (a:)c? ) (a: > t) J ^(s,*) = fc^c!? (*,*)■ 
Then c£ satisfy 

(2.28) C(t ).^ = i(i)( X5C ( t ))c( t 1 ) ) 



where 

AW(x) = g^(x)Af\x) gi (x) - g^(x)^, j = 1,2, 

(2.29) =g^(x)A (l)(x) gi (x). 

Analogously, if we replace c± (x) by 

(2.30) c ( f ) (x,t) = g 3 1 (x)c ( i\x,t), 
we get that c± (x,t) satisfies 

(2.31) cto ■ ^ = i (3 W(*))i 3 \ 
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where 

Af\x) = g^(x)Af\x)g 3 (x) - g^, j = 1,2, 



(2-32) 4 3) = g^Afg 3 . 

Note that 

(2.33) c+\x, oo) = c+(x, oo) = I m . 
Denote 

(2.34) b x {x,e it(> ) = (c^foe^-^foe^), 

(2.35) &3^,e iV ) = {c { l ) {x,e i ^))- 1 cf{x,e^). 



Since satisfy the same equation ()2.28|) when t = e tip we get 
i.e. 6i(x,e iV ) is independent of y\. Therefore 

Analogously, since c± satisfy the same equation (|2.31|) with t = e llp we get 
that 

h(V2,<p) = {c- ) {-oo,y2,v))~ 1 c+ ) {-oo,y 2 ,^). 
It follows from (l2~2H . (12331) . (I2~2TI) . (I2~37H) that 

(2.36) fcifoe^) = 6 3 (x,e^). 
Therefore (j2~M . (j2~3H|) . (I2~3T)J) imply that 

(2.37) (c^e^))- 1 ^^*) = (cL^x,^))-^^), 

for all x G i?2ij, V? G [0, 2n]. 
We can rewrite (J2.37|) as 

(2.38) cL 3) (x,e^)(c (1) (x,e^))- 1 = cf (x, e iv )(c ( +\x, e^))" 1 . 
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For each x G B 2 r the left hand side of (|2.38|) extends analytically to D~ and 
the right hand side extends analytically to D + . Therefore (|2.38|) defines an 
entire matrix d(t), t G C. It follows from ()2.33j) that rf(oo) = I m . Therefore 
by the Liouville theorem d(t) = I m for all t. Therefore 

(2.39) c W (x,t) = cl 3) (x,t) for |x| < 2R, \t\<l. 



(2.40) c { +\x,t) = c ( +\x,t) for |x| < 2R, \t\>l. 
Since 

#(x ) C(i))=k(i)-^j(4 , )- 1 ) 3 = 1,3. 

we get that 

(2.41) A^(x,C(t)) = A^(x,((t)) 



for all x G B 2R and t G C \ {0}. Taking the limits when t — ► oo and £ — > 

we get 

(2.42) A j 1} (i) + (x) = 4 3) (x) + *4 3) (*) , 

iS 1} (x) - zi^x) = iS 3) (x) - zif (x). 

Therefore Af\x) = Af(x), j = 1,2. Then (l2~4Tj) implies that A$-\x) = 
A { q\x). Therefore it follows from (l2~2HD and (l2~32J) that Af\x), < j < 
2, and Af\x), < j < 2, are gauge equivalent with the gauge g(x) = 
gi l (x)g 2 (x). Note that g(x) = I m for \x\ > R. □ 
Note that (|2.34j) . ()2.35|) are the Riemann-Hilbert problems on the cir- 
cle |£| = 1 for each x G B 2 r. The reduction of the inversion of the non- 
abelian Radon transform to the Riemann-Hilbert problem was done first by 
R.Novikov in [Nl] (see also [MZ] and [ER1], formulas (4.13), (4.14) ) 



3 Attenuated non-abelian Radon transform. 

Consider the following equation in R 2 : 
du 

(3.1) 9 ■ — - (A 1 (x)9 1 + A 2 (x)6 2 + A (x))u(x, 9) = f(x), 
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where Aj, < j < 2 are smooth mxm matrices, f(x), u(x, 9) are m- vectors, 
supp Aj(x) C B R , 0<j<2, supp f(x) C B R . 

There is a unique solution of (j3.1|) such that u(x + s9, 9) — > when 
s — ► — oo. Let co(x, 0) be the same as in We look for u(x,9) in the 

form u(x,9) = c (x,9)v(x,9). Substituting in (|3.1|) we get 

(3.2) c (x,9)9.^^1 = f(x). 

The unique solution of (|3.2j) such that u(x + s0, #) — > when s —>■ — oo has 
the form 



v(x, 9) 



/x-u 
C Q 1 (x ± + T9,9)f(x ± + r9)dT, 
-oo 

where ■9)9. Therefore 

/x-e 
Cq\x ± + t9, 9)f(x ± + r9)dr. 
-oo 

Take the limit of u(x + s9, 9) when s — ► +oo. We get 



lim w(x + s^, #) = lim c (x + ,s#,#) -Ra/, 

s— >+oo V s^+oo I 

where 

/oo 
^(Xi+T^^/^X+T^dT. 
-oo 

The integral Ra/ is called the attenuated Radon transform of f(x). 

We shall consider the inverse problem of recovering f(x) knowing RaJ ■ 
Matrices Aj(x), < j < 2, are assumed to be known. 

We shall repeat the reconstruction procedure of R.Novikov [N], however 
the result is new since it is based on the Lemma 12.11 

Let c±(x, t) be the same matrices as in Lemma l2~Tl Consider the following 
equation 

(3.5) C(t) ■ - A (x, C(t))u ± (x, t) = /(*), 

where ((t), A(x,((t)) are the same as in (|2.3|l . u + (x,t) and u_(x,t) are 
defined on B 2 r x .D+ and 5 2 _r x _D~ respectively. We look for u±(x, t) in the 
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form u±(x, t) = c±(x,t)v±(x,t). Then as in (|3.2|) we get that v±(x,t) satisfy 
the following equations: 

c ± (x,t)at).^^ = f( X ). 

Therefore 

(3.6) u±(x,t) = c±(x,t)U(t)c± 1 (x,t)f(x) 



are solutions of ()3.5|) in B 2 r, where U(t) is defined in ()2.1Uj) . 

Introduce coordinates y\ = x-8, y 2 = x-u, where 8 = (cosip, — simp), v = 
(sin tp, cos ip), t = re tlf . Take the limit of u + (x,t) when r — > 1 + and the 
limit of U-(x, t) when r — > 1 — 0. 

Denote as in $ 2 

(3.7) «±(2/i, Ife, = «±(a?, O- 
Then we get from ()3.6|) 

(3.8) u±(y 1 ,y 2 ,(p) = c±(y 1 ,y 2 ,(p)Tl±(e lip )cg 1 (y 1 ,y 2 ,ip)f(x(y,(p)), 

where U±(e l(f ) have the form ()2.12|) . ([2. 13)1 . Taking the limit when y% — ► — 00 
and using (I2TT2|> . d2HS|) we get 

/•oo 

(3.9) u + (-oo,y 2 ,ip) = -c + (-oo,y 2 ,cp) {U-(c~ 1 f)){y' 1 ,y 2 )dy' 1 , 



/oo 
(^(d 1 /)) (y'i,y2)dy' 1 
-oo 

Note that c±(x,e il/ '), Co(:c, 0) satisfy the same homogeneous equation 

61. — = A(x,8)c. 
ox 

Therefore, by the uniqueness of the Cauchy problem 
(3.11) c±(yi,V2,<p) = c (x, 8 (cp))c±(- 00, y 2 ,(p), 
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since co(x,9(ip)) — > I m when y x — > — oo. Substituting (|3.11|) into (|3.9|) and 
(13.1 Up and taking into account that IP 1 commute with the integration in yi 
we get: 
(3.12) 

/•oo 

U-(-oo, y 2 ,(p) = -c_(-oo,?/2,y?)n + / cZ 1 (-oo,y 2 ,(p)(c Q 1 f)(y 1 ,y 2 )dy 1 , 



(3.13) 

U+(-00,2/2,V) = -C+(-00, ?/2, V 5 ) 11 " / C+ 1 (-00,J/2,V)(cb 1 /)(yi>l/2)dyi. 



Note that 



(RAf)(V2,<p) = (CoV) (2/l,2/2)d?/l 

«/ —00 

is known. Therefore 

(3.14) u±(-oo,y 2 ,<p) = -c±(-oo,y 2 ,(p)Tl T c± 1 (-oo,y2,(p)(RAf)(y2,(p) 
are known too. 

Since u + (x, e lLp )— u_(x, e 1 ^) satisfies homogeneous equation Q~—A(x, 6)u 
we have analogously to (|3.11|) that 

(3.15) 1*4.(2;, e w ) - u-{x, e lLp ) = c (x, 0)(u + (-oo, y 2l ip) - u_(-oo, y 2l y)). 

Since co(x,6) is known we can recover u+(x,e l<p ) — U-(x,e lip ). Consider the 
integral 

1 f 

(3.16) - — : / (u+(x, t) — u-(x, t))dt. 



2m J, t 



1*1=1 



It follows fom (|3.6[) that for each x G B 2 r U-(x,t) is analytic when \t\ < 1 
and U-(x,t) is continuous when \t\ < 1. Therefore 



(3.17) / u-(x,t)dt = 0. 

J\t\=i 

It follows also from (|3.fij) that u+(x,t) is analytic when \t\ > 1. Note that 
when h(x) has a compact support and t — > 00 we get 

(3.18) Um = -[[ =i5fe + ofiV 
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where z = X\ + ix 2 , w = y\ + iy 2 , 

(3.19) sh=±ff h ^ d ^ d y\ 

JR2 z-w 
Taking the limit in (J3.6j) when t —>■ 00 we get 

u + (x,t) = c+(x, 00) jS(c^(x, oo)f(x) + . 

Therefore computing the residue at t = 00 we get 

(3.20) / u + (x, t)dt = c + (x, oo)S(c7 1 (x, 00) fix)). 

2 ™ y[t|=i| 

Note that S is the inverse to the Cauchy-Riemann operator J| = ~ + , 

i.e. §=Sh = h, V e Q°(R 2 ). Therefore multiplying (|3~27IJ) by c+\x, 00) from 
the left and then applying operator J| we have 

(3.21) fix) — c + (x, oo)-^z ( cl}{x, 00) / iu + ix.t) — uix,t))dt 

Therefore (|3.21jl . (|3.15jl . 1)3.14)1 give the inversion formula for the attenuated 
Radon transform. Note that c + (x, 00) satisfies the equation 

( d d \ 

(3.22) f — + i—j c+(x, 00) = {A 1 {x) + iA 2 (x))c+(x, 00) 

and u±(— 00, 2/2, V 9 ) are given by ()3.14)) . 

Although matrices c±(x, £) are not unique any choice of c±(x, t) satisfying 
conditions of Lemma f2. II leads to a formula ()3.21jl . 

4 Inverse scattering problem for the Schrodinger 
equation with exponentially decreasing Yang- 
Mills potentials. 



Consider the following equation in R 

2 



2. 



(4.1) 



E(-^+A(*)) +v{x)-e 



u = 0, 
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where 

d p V 



(4.2) 



&PAj(x) 



dxP 



< C p e s \ x , j — 1,2, 



dxP 



W\p\ > 0, 5 > 0, Aj(x),j = 1,2, and are m x m matrices. Let 

u(x) be a distorted plane wave in R 2 having the following asymptotics: 



u = e ikuj - x I m + 



a(9,u>, k)e 

IX a 



iA, |.x 




where \x\ — > oo, = A, |u;| = 1, matrix a(9,uj,k) is the scattering ampli- 
tude. The inverse scattering problem consists in the recovery of Aj(x),j = 
1,2, V(x) modulo gauge transformation, knowing the scattering amplitude 
a(9, LO,k). Here the gauge equivalence means (jl.Hj) with A (x) replaced by 
V{x) and with g(x) G C°°(R 2 ), det g(x) ^ and lim^oo g(x) = I m , §§ = 
0(e~ 5 ^) when \x\ — > oo. 

We assume that A,(x), j = 1,2, satisfy the following 

Condition (A) -.There exist matrices c + (x,t) and c_(x, i) satisfying \2. 1)) 
in R 2 x D + and R 2 x D~ respectively with Aq = 0, Ai,A 2 replaced by 
—iA\, —iA 2 , such that hm^^oo c±(x, t) = I m and conditions a), b), c), d) of 
Lemma Wl\ are satisfied with B 2 r replaced by R 2 . 

Note that c±(x,t) satisfy the following equation in R 2 : 

(4.3) c±{x, t) - iU(t)A(x, C(t))c± = I m . 

The Condition (A) allows to extend Theorem 2.2 of [El] to the case of 
potentials having noncompact supports. 

Theorem 4.1. Suppose Condition (A) is satisfied. Then knowing the scat- 
tering amplitude for all k G (k — e, k + e) and all (u, 9) G S 1 x S 1 we can 
recover Aj(x), j = 1,2, V(x) modulo a gauge transformation. 

Proof : Since Aj(x),j = l,2,V(x) are exponentially decreasing, the scat- 
tering amplitude a(9, u>, k) is real analytic in k. Therefore a(9, to, k) is known 
for all k except possibly a discrete set of {£:p}^L . 

Let c±(x,t) be the matrices satisfying the Condition (A). Then c±(x,t) 
are the solutions of 

(4.4) t(t) • = -iA(x) ■ C(t)c ± (x, t), 
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where c + (x,t) (c_(x,t)) is defined in R 2 x D+ (R 2 x D+), ({t) = |(r + 
-)n + i~(r — -)u, t = re lip , \i = (cos ip, — sin tp), v = (sin tp, cos <p>). 

We shall define c+(x, rj' + irv) for all x G R 2 , r > 0, 77' G R 2 , 77' • 1/ = as 
follows: 

02) When r/'-/i > and (r/'+iru) 2 = \r]'\ 2 —T 2 > 1 we define c + (x, rf+ir) = 
c+(Mi), where \t x \ > 1 and C(*i) = - ,1 • 

62) When rf • fj, < 0, \r]'\ 2 — r 2 > 1, we define c + (x,rj' + irv) = c~(x, t%) 
where |t 2 | < 1 and -C(t 2 ) = ^ 1 ■ 

63) When |r/| 2 — r 2 < 1, x G R 2 , we define c + (x,rj' + ir^) arbitrary 
requiring only that c + (x,r]' + zti/) is smooth for all (x,t/,t) G R 1 x R 1 x 
R+, c+(x, T)' + irz^) is homogeneous in r( + zrz/ of degree zero, det c + (x, 7/ + 
irz^) 7^ for all (x, r( + irv) and c + (x,rj' + irv) — > J m when |x| — ► 00. Note 
that such c + (x, rj' + irv) exists since there is no topological obstruction to the 
extention of c + (x, rj + irv) from \rf\ — r 2 > 1, 16 R 2 to \rf\ —r < 1, x G R 2 , 
where c + (x, 77' + irv) satisfies c + (oo, 77' + it) = I m , det c + (x, rf + zt) 7^ 0. 

Denote by c+(x,D' + £ + zrzy) the pseudo differential operator with the 
symbol c + (x, 77' + £ + irzv), where r > 0, 77' • i> = 0, £ = (A; 2 + r 2 )^. 
Consider differential equation 



(4.5) 



(9 \ 2 

+ £ + zrz/ + J + V(x) - k 2 



As in [ER], [ER1], [ER2] we are looking for the solution of ()4.5|) in the form 

(4.6) v = c + (x,D' + £ + iTv)Eg, 

where 

^ \ f e txr> g{j])dri 



(2tt) 2 J R 2 (ri + t + irv) 2 -k 2 
Substituting (gSJ) into (JO]) we get 

(4.7) c(x, £>' + i + zrz/)<7 + T l9 + T 2 £ = /, 

where 

1 r 2(77 + £ + itv) ■ (a{x)c + - gWe^dri 

Tig - 1 v 



(2tt) 2 7 r2 ^ + e + iTI ,)2_p 
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T 2 g 



(-£ + A{x)) 2 + V(x) c + ~g( V )e ix ^dr] 



(2tt) 2 7 r2 ( v + ^ + iru) 2 -k 2 

Note that c+ is an elliptic pseudo cliff erenial operator. In order to solve 
()4.7p it is enough to show that the norms of T\ and T 2 tends to zero when 
t — > oo, k — > oo, I — > (c.f. [ER], [ER1], [E]). The estimates of T 2 is the 

same as in [ER], [ER1], [E]. Since 77' + £ + iri/) ■ (a(x)c+ - = for 

\rf + C\ 2 > r 2 + 1. We get 



Tig 



2( V ■ v) (A(x)c+ - i^) m^dr] 



2^) 2 7r2 (?7 + £ + zrz/) 2 — /c 2 



def 

= T n g + T 12 g. 

Here v' = V ~ (v 4 zy ) zy > i]' - u = 0, X-( s ) £ C^R 1 ), = 1 for s < 

1, = f° r 5 > 2, r is large. We have 

(?7 + £ + «™) 2 — A; 2 = (77 + £) 2 + 22t(?7 • 1/) - r 2 - k 2 . 

Therefore 

|9 [(r? + £ + zrz/) 2 - A; 2 ] I > 2r|(r7 • v)\. 
This inequality implies that the symbol of T n is O (-). Also we have 

\{r 1 + t + iTv) 2 -k 2 \ >±\( v ' + t) 2 + v 2 u -T 2 -k 2 \+^T\ Vu \. 

When \r] u \ > r we have \(r) + £ + zrz/) 2 — A; 2 | > |r 2 and when |^| < r and 
1 77' + £| < Cr we have | (77 + £ + irv) 2 — k 2 \ > \k 2 > r 2 since \ — > when 
r — ► 00. Therefore the norm of T\ 2 is O f-J. The continuation of the proof 
of Theorem 14.11 is the same as in [ER] , [ER1] and [ER2] . In particular, we 
get that the scattering amplitude a(9,u, k) determines the following integral 
(see [ER2], formula (2.29), or [ER1], formula (4.8)): 

POO 

(4.8) I + (y 2 , (f) = -1 I cT^t/i, 7/2, <p)(A(x) ■ ii(tp))dyx, 
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where 0(<p) = n(<p), y x = fi ■ x, y 2 = v ■ x, c+(yi,y 2 ,p) is c+(x, e i(p ) in 
) ^-coordinates. 

Define matrix c-(x, rf — %tv\ where r > 0, analogously to c+(x, rf + irv): 
a 3 ) c-(x, rf — irv) = c-(x, i^), where - ~ %TV t = C(*i); |*'il < 1? assuming 

\r)'\ 2 —T 2 )^ 

that rf ■ fj, > 0, \rf\ 2 - r 2 > 1. 

63) c_(x,rf — itv) = c + (x,t' 2 ), where v ~ tTU t = — C(4)j 1*2 1 < 1> assum- 

r/| 2 -T 2 )? 

ing that rf ■ [i < 0, |r/| 2 — r 2 > 1. 

C3) c_(x, rf — irv) has the same properties as c + (x, rf + irv) when \rf\ 2 — 
r 2 < 1. 

Repeating the proof with c_(x, 77' + £ — zrz^) instead of c+(x, 77' + £ + irv) 
we get, taking the limit when k — > 00, r^oo, r — > 0, that the scattering 
amplitude determines the integral 

/■oo 

(4.9) I^(y 2 ,ip) = -i cZ 1 (yi,y2,p)(A- n(Lp))dyi. 



Note that c ± 1 (yi, 7/2, ¥>) satisfy the equation 





dy_ 

Therefore 



■c± = —ic± (A ■ rf). 



f°° d 

(4.10) I+(y 2 ,<p) = - -w- c+dyi = c + x (-oo,y 2 , <p) - c+ (+00, y 2 ,(p). 

J —00 "y\ 

As in (|2.16|) we have, with replaced by I m , that 

/oo 
n ± ( c+ )- 1 (A-^) c / 2/1 . 
-00 

It follows from (P~TTJ) that 

(4.12) ^(±00,^) -I m = ±11*1+. 

Therefore we can recover c+ (±00, y 2 , V 9 )- Note that the recovery of c+ 1 (±oo, y 2 , 
from f)4.8|) is the same as the computations (4.8)-(4.14) in [ER1]. 

Analogously starting from J_ = J^° oo —icZ 1 (yi,y 2 ,^p)(A ■ rfjdyi we can 
recover d 1 (±oo, y 2 , tp). Denote 

(4.13) b{x,e^) = (c_(x,e^)) _1 c + (x,e^). 
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Since c_ and c + satisfy the same differential equation 

9 ;a s 

— C = -i(A ■ fJL)c, 

dyi 

we get that -Jj^b(x, x lip ) = 0, i.e. b(x, e tip ) is independent of y\ : b(x, e tLp ) = 
b(y 2 , <p). Since we recovered c±(— oo, y2, <f) we know b(y 2 , ip): 

(4.14) b 2 (y 2 , <p) = (c_(-oo, y 2 , ^)) _1 c+(-oo, y 2 , ¥?)• 

We consider (|4.14jl for each x G R 2 as a Riemann-Hilbert problem on the 
circle \t\ = 1 where b(x,e tip ) is known and c±(x,e llfi ) are the unknowns. If 
c±(x,t) is another solution of the Riemann-Hilbert problem (|4.14|) then we 
have that det cj } (x, t) ^ (det cL 1} (ar, t) ^ 0) for (x, t) G R 2 x ~D+ (R 2 x D~) 
respectively, det c+\x, oo) 7^ 0, det c£^(oo, i) = J m . Since 

(4.15) fc^^e^r c^i.e 4 *') = (c_(ar, e^)) _1 c+(x, e^), 

we get by the Liouville theorem that 

c i l\x,t)c^ 1 (x,t) = g(x), 

where det g(x) 7^ 0, x G R 2 , det g(oo) = I m . Therefore c±\x, t) = g(x)c±(x, t) 
satisfy the equation: 

((t)--^ = -i(A'(x).at))c¥(x,t), 

where A'(x) = (A[(x) , A' 2 (x)) is gauge equivalent to A(x) = (Ai(x), A 2 (x)). 

□ 

Now we shall recover V(x) assuming that we already know A(x) and 
c±(x,t). As in [E] (see [E], formula (6.30), see also [ER], formula (79), and 
[ER2], formula (3.43) ) we get that the scattering amplitude allows to recover 



(4.16) J+ = / c + 1 (y u y 2 ,(p)V(x(y,(p))c + (y 1 ,y 2 ,ip)dy 1 

J —00 

and 

POO 

(4.17) J = / cZ 1 (yi,y 2 ,(p)V(x(y,<p))c^(y 1 , y 2 ,<f)dy 1 . 
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Denote 

(4.18) B ± (x,t) = c±(x,t) (U(t)cg 1 (x,t)V(x)c ± (x,t)) cg\ 

where B + (x,t) is defined on R 2 x D + and B_(x,t) is defined on R 2 x D~. 
We have 

(4.19) C(t) ■ ^ = (c(t) ■ (n(t)(c±Vc ± )) c~ ± l + cdfgVc±)<£ 

+c ± (n(t)(c ± Vc ± )) C(t) ■ = -iA{x) ■ at)B ± + iB ± A{x) ■ at) + V(x). 

Taking the limits when r —>■ 1 + and r — > 1 — 0, t = re lip we get 
(4.20) 

Mv) • ^ J = -iA(x) ■ K^P)B±(x, e*) + iB±(x, e*>)A(x) ■ ^) + V(x). 
Introducing (yi, y 2 ) coordinates as before and using (|2.12|) and ()2.13|) we get 

/CO 
(n T (c ± Vc_)) dyic ± \-oo, y 2 , <p). 
•ao 

Using ()4.16|) and ()4.17|) we have 

(4.21) B + (-oa,y 2 ,<p) = -c + (-oo,y 2 , ip)(H.~ J+(y 2 , ip))c~ 1 (-oa,y 2 , if), 



(4.22) B_(-oo,y 2 ,(p) = -c_(-oo, y 2 , ¥>)(n + J_(y 2 , < 1 f))c_ 1 (-oo, y 2 , ¥>), 
i.e. we can recover B±(—oo,y 2 ,(p) from the scattering amplitude. Consider 

(4.23) B{x,e iv ) = e iv ) - S_(x, e^). 
Since B±(x,e %ip ) satisfy the same equation (|4.20|) we get 

(4.24) n(<p) ■ — = -iA(x) ■ n(<p)B(x, e iLp ) + %B{x, e iLp )A(x) ■ /x(^). 

ax 

Since the initial data B(—oo,y 2 ,ip) = B + (—oo,y 2 ,(p) — B_(—oo,y 2 ,ip) are 
known we can recover B(x, e %lp ) as the solution of the Cauchy problem. The 
continuation of the proof is similar to [N] (see also §3). Consider 

(4.25) I(x) = / (B + (x,t) - B4x,t))dt. 

2m y 1*1=1 
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We have J, t , =1 B^{x, t)dt = since B_(x,t) is analytic when \t\ < 1 and 

continuous when \t\ < 1. It follows from (|4.18|) that 

(4.26) 

B + (x, t) = c + (x, (^(^(x, oo)V(x)c + (x, oo))) c^ 1 (x, oo) + O (^^j > 

where t — > oo, S is the same as in (j3.19|) . Therefore 
(4.27) 

B + (x, t)dt = c + (x, oo) (5'(c^ 1 (x, oo)V"(a;)c+(a;, oo))) c^ 1 (x, oo) 

1*1=1 



2m 



Multiplying ()4.27|) by c + (x, oo) from the left and by c + (x, oo) from the right 

a_ 

dz 



and apply the operator we get 



d 

c^ 1 (x, oo)V(x)c + (x, oo) = — (c^ 1 (x, oo)I(x)c + (x, oo)) 



Finally 



V(a;) = c+(x, oo) ( (c + 1 (x, oo)/(x)c + (x, oo)) ) c + x (x, oo). 



□ 
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